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Copy a question from this document and paste (with reparametizing) into your document. This allows you to quickly build a collection of regeneratable questions into a test, worksheet, presentation, or exam.


Question
A series of shapes are constructed from semicircles. The first shape is one large semicircle on the bottom with two smaller semicircles – with radii exactly half of the bottom semicircle – on the top.
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Each subsequent shape is produced by replacing the rightmost semicircle with two smaller semicircles of half the radius.
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The next four shapes are shown below.
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Assume that the radius of the first semicircle is 1.
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1. Calculate the area of the first shape shown above.

As we build further shapes, the area will decrease.

2. Calculate the areas of the next four shapes in the sequence. You need to show all working.

You may have noticed that the areas are almost based on a geometric sequence.

3. Use your calculations, and your knowledge of geometric series, to devise a formula that allows you to calculate the area of the nth shape in the sequence.

4. Use your formula to calculate the area of the 7th shape in the series. Round your answer to 6 decimal places.


It is noted that you can continue this process an infinite number of times. 

5. Use your knowledge of infinite geometric series to calculate the area of the shape produced if you continue the process an infinite number of times. Comment on any assumptions you have made.

6. Determine if the PERIMETER of the shapes converges or diverges.


Solution
For these solutions we are using the formula [image: <EFOFEX>
id:fxe{92a85491-6492-4cb3-9cac-7ab3e2d8960a}
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</EFOFEX>] for the area of a semicircle.
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3. The most crucial thing to note is that all but the last term in each sum is a geometric sequence where [image: <EFOFEX>
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Alternatively, we can take a common factor out before looking at the sum.
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In general:
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Note: There are numerous ways of simplifying this equation which could look quite different. Also note that both the numerator and denominator of the formula are divisible by 6 but this is an unlikely simplification for most students.

4. Using our formula 
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5. Going back to our original construction of the formula, we noted that it was based on the sum of a geometric series.
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	We can use this information to calculate the area of [image: <EFOFEX>
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6. Let’s examine the perimeters of shapes 1 and 2.
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This leads to the interesting result that the procedure does not change the perimeter! It neither converges or diverges, it just stays the same. 


Notes
This question is an interesting extension to the sum of a geometric series. It requires students to use their knowledge of geometric series in a new context.
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